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Lie $G$ $L^{p}$-Fourier $G$ $L^{p}$- $L^{p}(G)$
$G$ $\hat{G}$ $L^{q}$ $L^{q}(G)$
$(1<p\leq 2, q=p/(p-1))$ $\mathbb{R}^{n}$
Lie
3 7 A. Baklouti
1
1.1 $\mathbb{R}^{n}$ $[\dagger$ Hausdorff-Young
$\mathbb{R}^{n}$ Fourier 1 Hausdorff-Young
$\mathbb{R}^{n}$ ( ) $\langle\cdot,$ $\cdot\rangle$ $\mathbb{R}^{n}$ $\mathbb{R}^{n*}$
$\mathbb{R}^{n}\ni\xi\mapsto\langle\cdot,\xi\rangle$ $\mathbb{R}^{n}$ $f=f(x)\in$
$L^{1}(\mathbb{R}^{n}, dx)$ , $dx$ Lebesgue Fourier
$\hat{f}(\xi):=\int_{\mathbb{R}^{n}}f(x)e^{i\langle x,\xi\rangle}dx, \xi\in \mathbb{R}^{n}$
$f\in L^{1}(\mathbb{R}^{n}, dx)\cap L^{2}(\mathbb{R}^{n}, dx)$ Parseval
$\Vert f\Vert_{2}^{2}:=\int_{\mathbb{R}^{n}}|f(x)|^{2}dx=\int_{\mathbb{R}^{n}}|\hat{f}(\xi)|^{2}d\mu(\xi)=:\Vert\hat{f}\Vert_{2}^{2}, d\mu(\xi)=\frac{d\xi}{(2\pi)^{n}}$
$p(1<p\leq 2),$ $q=p/(p-1)$ Hausdorff-Young
$\Vert\hat{f}\Vert_{q}\leq\Vert f\Vert_{p}, f\in L^{1}(\mathbb{R}^{n})\cap L^{p}(\mathbb{R}^{n})$ (1)
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Fourier $f\mapsto\hat{f}$ $\mathscr{F}^{p}(\mathbb{R}^{n})$ : $L^{p}(\mathbb{R}^{n}, dx)arrow L^{q}(\mathbb{R}^{n*}, d\mu)$
$f$ Gauss $f(x)=e^{-\Vert x\Vert^{2}/2}$ $\hat{f}(\xi)=(2\pi)^{n}\tau e^{-\Vert\xi\Vert^{2}/2}$
$\Vert\hat{f}\Vert_{q}=A_{p}^{n}\Vert f\Vert_{p}$ , $A_{p}=( \frac{p^{\frac{1}{p}}}{q^{\frac{1}{q}}})^{\frac{1}{2}}$
$f\in L^{1}(\mathbb{R}^{n})\cap L^{p}(\mathbb{R}^{n})$ (1)
$\Vert\hat{f}||_{q}\leq A_{p}^{n}\Vert f\Vert_{p}, f\in L^{p}(\mathbb{R}^{n})$
$q=p/(p-1)$ Babenko [1] (1961)




$G$ type I $dg$ Haar $1\leq p$
$G$ $L^{p}$- $L^{p}(G)=L^{p}(G, dg),$ $G$ $\hat{G}$
$f\in L^{1}(G)$ $\pi$ $\pi(f)$
$\pi(f):=\int_{G}f(g)\pi(g)dg, f\in L^{1}(G) , \pi\in\hat{G}$
Abstract Plancherel $\hat{G}$ Borel $d\mu$
$\int_{G}|f(g)|^{2}dg=\int_{\hat{G}}Tr(\pi(f)^{*}\pi(f))d\mu(\pi)$
$f\in L^{1}(G)\cap L^{2}(G)$ $G$ Fourier $\mathscr{F}$ $L^{1}$ - $f$
$\hat{G}$
$\mu$- $\mathscr{F}f$








$\mu$- $F$ Banach $L^{r}(\hat{G})$ Kunze
Hausdorff-Young [10] $1<p\leq 2,$ $q=p/(p-1),$ $f\in L^{1}(G)\cap L^{p}(G)$
$\mathscr{F}f\in L^{q}(\hat{G})$
$\Vert \mathscr{F}f\Vert_{q}\leq\Vert f\Vert_{p}$
( $L^{p}$-Fourier ) $\mathscr{F}^{p}=\mathscr{F}^{p}(G)$ : $L^{p}(G)arrow L^{q}(\hat{G})$
$L^{p}$-Fourier $\mathscr{F}^{p}(1<p<2)$
$\Vert \mathscr{F}^{p}(G)\Vert:=\sup_{f\neq 0}\frac{\Vert \mathscr{F}^{p}f\Vert_{q}}{\Vert f||_{p}}$
$G=\mathbb{R}^{n}$ $\mathscr{F}$ Fourier 1.1 $\Vert \mathscr{F}^{p}(\mathbb{R}^{n})\Vert=A_{p}^{n}$
$1<p<2$
$G$ $f$ $\Vert \mathscr{F}^{p}f\Vert_{q}=\Vert f\Vert_{p}$





$p$ $q=p/(p-1)$ Klein-Russo [9]
1 (Klein-Russo [9]) $G=A\rangle\triangleleft X$ $A$ $X$
$G$
$p$ $q$
$p= \frac{2k}{2k-1}$ $(k$ $k\geq 2)$




2 (Russo [14]) $G$ ’




Baklouti-Inoue [3] $\mathbb{R}^{n}$ $G$
$1<p<2$ $L^{p}$-Fourier 3
Lie Russo [13]
Fournier-Russo [7] Schatten Hausdorff-Young
3 (Baklouti-Inoue [3]) $G=A\rangle\triangleleft K$ $A=\mathbb{R}^{n}$ $K$
$1<p<2$
$\Vert \mathscr{F}^{p}(G)\Vert=A_{p}^{n}$
[3] $A$ $K$- Gauss $g$
$K$ $G$ $f=1_{K}\otimes g$ ( $1_{K}$ $K$ $(=1)$ )
$\Vert \mathscr{F}^{p}f\Vert_{q}=A_{p}^{n}\Vert f\Vert_{p}$ ( $f$ extremal function)
3 Lie [– $[\dagger$ Hausdorff-Young
3.1 Lie
$G$ Lie Lie $\mathfrak{g}$ Russo [11]




Kirillov orbit method $\hat{G}$ $G$ $\mathfrak{g}^{*}/G$
4 (Baklouti-Smaoui-Ludwig [4]) $G$ Lie $1<p<2$
$\Vert \mathscr{F}^{p}(G)\Vert\leq A_{p}^{\dim(G)-}$




$q$ 1 4 :





Klein-Russo [9] Heisenberg $q$
:
6 (Klein-Russo $[9|)$ $P$ $p=2k/(2k-1)$ ( $k$ 2 )
$G$ $2n+1$ Heisenberg
(i) $\Vert \mathscr{F}^{p}(G)\Vert=A_{p}^{2n+1}$




7 (Baklouti-Inoue [2]) $G$ Lie $\tilde{G}$ $H$ $G$
$\Vert \mathscr{F}^{p}(G)\Vert\leq A_{p}^{\dim(G/H)-\frac{m}{2}}$
$m$ : $=sup\{$dim(Ad* $(\tilde{G})\cdot l$ ) $;l\in \mathfrak{g}^{*}\}$
Russo, Fournier-Russo Hausdorfff-Young
$G$ Heisenberg
$\mathfrak{g}_{2n+1}$ $2n+1$ Heisenberg Lie $\mathfrak{z}=\mathbb{R}-$ span$\{Z\}=\mathbb{R}Z$
$\mathfrak{g}_{2n+1}$ Lie $G_{2n+1}:=\exp(\mathfrak{g}_{2n+1})$ $\exp(\delta)$
$\Gamma=\exp(\mathbb{Z}Z)$ $G:=G_{2n+1}/\Gamma$ $G$
$\exp(\mathfrak{z})/\Gamma\simeq \mathbb{R}/\mathbb{Z}$ $\tilde{G}=G_{2n+1}$ $2n$
7 $\Vert \mathscr{F}^{p}(G)\Vert\leq A_{p}^{n}$ $n=1$ 3
73
Heisenberg Russo [13] $A_{p}$
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